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Abstract 



Let {X{t)}t£R be an arbitrary centered Gaussian process whose trajectories are, with 
probabihty 1, continuous nowhere differentiable functions. It follows from a classical 
result, derived from zero-one law, that, with probability 1, the trajectories of X have 
the same global Holder regularity over any compact interval, that is the uniform Holder 
exponent does not depend on the choice of a trajectory. A similar phenomenon happens 
with their local Holder regularity measured through the local Holder exponent. Therefore, 
it seems natural to ask the following question: does such a phenomenon also occur with 
their pointwise Holder regularity measured through the pointwise Holder exponent? 

In this article, using the framework of multifractional processes, we construct a family 
of counterexamples showing that the answer to this question is not always positive. 
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1 Introduction 

Let {X{t)}t£M. be an arbitrary centered Gaussian process whose trajectories are, with proba- 
bility 1, continuous nowhere differentiable functions over the real line M. The global Holder 
regularity of one of them, t i— )■ X{t,uj), over a non-degenerate compact interval J C M, is 
measured through the uniform Holder exponent w) defined as, 





^By non-degenerate we mean that the compact interval J is not empty nor a single point. 



The local Holder regularity of the trajectory t i— )■ X{t,uj) in a neighborhood of some fixed 
point s E M, is measured through two different exponents: the local Holder exponent ax{s,uj) 
and the pointwise Holder exponent ax{s,u}). They are defined as: 

axis, Lo) = sup {l3x{[u,v],uj) : n, f G M and s G (u, w)} (1-2) 

and 

, , f , \X(s + h,uj) - X(s,uj)\ ] , , 

ax(s,w) = sup<^ a > : limsup^— ^ = L (1.3) 

Notice that one always has, 

ax[s,u) < ax{s,uj). 

Moreover, the function s i— t- axis,oj) is always lower semicontinuous over M [33], while the 
function s i— )• axis,uj) does not necessarily satisfy such a nice property; in fact the latter 
function can be the liminf of any arbitrary sequence of continuous functions with values 
in [0,1] (see O [TTl [20l O [Ml), therefore its behavior can be quite erratic. The notion of 
pointwise Holder exponent is a fundamental concept in the area of the multifractal analysis of 
deterministic and random functions \22\ [23] . It provides a sharp estimation of the asymptotic 
behavior of the modulus of local continuity of the function t i— )• X{t,uj) at any fixed point 
s G M (see e.g. [28| page 214 for the defintion of this modulus of continuity); indeed, ()1.3p 
implies that, 

. N f , f ( \X(t,uj) - X(s,uj)\ ^ , 1\ 1 

ax{s,i^) = sup < a > : hmsup sup < : t G M and \t — s\<p>]=0> 

In order to explain the main motivation behind our article, let us state the following theorem, 
whose proof which is given in Subsection 14.11 implicitly relies on zero-one law. 

Theorem 1.1 One denotes by {X(t)}tgM an arbitrary centered Gaussian process whose tra- 
jectories are, with probability 1, continuous nowhere differentiable functions over the real line 
R. The following two results hold. 

(i) For each non- degenerate compact interval J C M, let bx{J) be the deterministic quantity 
defined as, 

|2 1 



bx{J) = sup <; 6 > : sup ^ ' ^ W^nm ' < °° f ' (l-^) 



E\X{t',u}) - X{t",uj} 

t',t"eJ 
Then, one has, 

F{l3x{J) = bx(J)} = 1, (1.5) 

where P|/3x(J) = bx{J)} denotes the probability that the uniform Holder exponent 
Px{J) be equal to bx{J)- 
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(ii) There exists O an event of probability 1, non depending on s, such that, the local Holder 
exponent ax satisfies, 

axis, uj) = axis), for all (s, w) G M x J7, (1-6) 
where axis) is the deterministic quantity defined as, 

axis) = sup {hxi[u,v]) : v G M and s G (u, w)} . (1-7) 

Notice that Theorem 1 1 . 1 1 Par t (ii), has aheady been obtained in [19] (see Corollary 3.15 in this 
article) under the assumption that ax is continuous. This result means that, with probability 
1, the function s i— axis,^^) does not depend on the choice of to, whatever the centered 
continuous nowhere differentiable Gaussian process {Xit)}teR might be. The main goal of 
our article is to show that, in some cases, a different phenomenon happens for the function s i— )> 
axis,uj); namely we construct multifractional Gaussian processes {Xit)}t£M. with continuous 
nowhere differentiable trajectories, such that with a strictly positive probability the function 
s I—)- ax{s,u}) depends on the choice of u. To this end, we draw a close connection between 
the values of the latter function and the zero-level set |s G M : Y{s,uj) = O} of a Gaussian 
process {y(s)}<jeR closely related to X and very similar to it. 

It is worth noticing that for each s G M, there always exists a deterministic quantity 
axis) G [0, 1] such that 

F{axis)=axis)} = 1. (1.8) 

Relation (jl.Sp corresponds to Lemma 3.5 in ^ and Proposition 6.2 in [5], it means that the 
deterministic function ax is a modification of the stochastic process ax ■ In view of (|1.8|) , the 
fact that, with a strictly positive probability, the function s i— )• axis, co) depends on u, implies 
that the deterministic function ax and the stochastic process ax are not indistinguishable; 
not indistinguishable formally means that: for all event 0, of probability 1, there exists ujq £ Q 
and 50(1^0) £ such that, 

ax(so(^o),^o) ^ ax isoiujo)) . 

In order to show that with a strictly positive probability, the function s 1— )■ axis,uj) depends 
on UJ, we use the framework of multifractional Brownian motion (mBm). Let us now make a 
few recalls concerning this Gaussian process. We denote by {-B(t, 6')}(( g-)g]gx(o,i) the centered 
Gaussian field defined for all (t, 9) as the Wiener integral, 

Bit,e)= I Ut-xf-"^ -i-xf-''^\dWix), (1.9) 
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with the convention that for every {u,9) G M^, (u)^ = u^^^/^ if n > and (u)^ ^^'^ = 
else. Let H be an arbitrary fixed continuous function defined on M and with values in the 
open interval (0, 1). The mBm of functional parameter H, is the centered Gaussian process 
{X{t)}t<^R defined for all t as, 

X{t) = B{t,H{t))= [ (1.10) 

Notice that in Theorem 12. H we introduce a modification B of the field B defined as a random 
wavelet type series (see Subsection I4.2p : let us stress that, for the sake of simplicity, in our 
article, B is often identified with B and the process X with its modification X, defined for 
ah t e M, as X{t) = B{t, H{t)). 

MBm is an extension of fractional Brownian motion (fBm), indeed, when the function H 
is a constant denoted by h, then X reduces to a fBm of Hurst parameter h; the latter Gaussian 
process has been widely studied since several decades, we refer to e.g. [331 [13 ID IMl E] for a 
presentation of its main properties. MBm was introduced, independently in [31] and [9], to 
overcome an important drawback of fBm due to the fact that its pointwise Holder exponent 
remains constant all along its trajectory. Since several years there is an increasing interest in 
the study of multifractional processes (see for instance [SUlElEKISKISlIIZlIISlEaESlES])- 
It has been proved in [9l El] that when H is a Holder function over a non-degenerate compact 
interval J and satisfies the condition 

maxH(t) < PhU), (1.11) 
teJ 

where I3h{J) denotes the uniform Holder exponent of H over J, then for all s G J (note that 
one restricts to J, the interior of J, in order to avoid the border effect), one has 

¥{ax{s) = H{s)] = 1. (1.12) 

Later it has been shown in that when the condition (jl.lip is satisfied, then {if(s)}^gj 
and {oix{s)} are indistinguishable; namely there exists 0, an event of probability 1, non 
depending on s (and also non depending on J), such that, 

ax{s,uj) = H{s), for ah {s,uj) G {J,n). (1.13) 

When the condition (jl.lip fails to be satisfied, under the assumption that for all s G M one 
has anis) / H{s), one can show that, for every s G M, 

F{ax{s) = mm{H{s),aH{s)}} = 1, (1.14) 
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where anis) denotes the pointwise Holder exponent of H at s. Observe that (jl.l4p has been 
derived in [TU] , for a definition of niBm slightly different from (|1.1U|) , yet the proof also 
works in the latter case. 

In our article, we construct examples of Gaussian mBm's X with continuous nowhere 
differentiable trajectories which satisfy the following property: there exists an event D of 
strictly positive probability, such that for all u; £ D, one has, 

ax (so(a;), w) / min {H{so{uj)) , an (so(w)) } , 

for some S(){uj) G M. In view of ()1.14p . the latter property means that the pointwise Holder 
regularity of X is random, in other words, it depends on the choice of a trajectory of X. 
Note in passing, that there are many examples of non Gaussian processes whose regularity 
is random, as for instance, discontinuous Levy processes |21] . multifractional processes with 
random exponent [HIS], self-regulating processes [8], or pure jump Markov processes [7j. 

The remaining of this article is structured in the following way. In Section [2l we introduce 
a modification B of the field B, having some nice properties which are useful for the study 
of the pointwise Holder regularity of the mBm X. Then, denoting by ^7 C (0, +oo) an 
arbitrary open non-empty interval, under some condition on its parameter H, we show that 
the pointwise Holder regularity of {X{t)}tej, is closely connected with the zeros of the process 
{Y{s)}s£j = {{doB){s, H{s))^ ^^j-, thus it turns out that this regularity is random, when the 
level set {s £ J : Y{s) = O} is non-empty with a (strictly) positive probability. In Section [3l 
we prove that this is indeed the case, namely with a strictly positive probability the latter 
level set, is rather large: it has a Hausdorff dimension bigger than 1 — r/ — inig^j H{s), where 
is a fixed strictly positive and arbitrarily small real number. Finally, some technical proofs, 
mainly related to wavelet methods, are given in Section |4] (the Appendix). 

2 Construction of the counterexamples 

In order to construct continuous Gaussian multifractional Brownian motions with random 
pointwise Holder regularity, first we need to show that the Gaussian random field {B{t, ^)}(t,6»)eMx{o,i) 
defined in (jl.9p . has a modification {i?(t, 6')}(f,6»)GMx(o,i) satisfying some nice properties. 
Namely, we need the following theorem. 

Theorem 2.1 Let {-B(i, ^)}(j,0)giRx(o,i) the field defined in il.9\) . There exists an event $7* 
of probability 1 and there is a modification of{B{t, 0)}(t,e)eM.x{o,i) denoted by {B{t, 0)}(t,e)eRx(o,i)! 
such that, for each a; € $7*, the following four results hold. 

(i) The function {t,6) i— )• B{t,6,uj) is continuous overR. x (0,1). 
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(ii) For every fixed arbitrarily small real number e > and (s, 0) G M x (0, 1), one has 

\B{s + h,e,uj) -B{s,e,uj)\ _ 



lim sup 



and 



lim sup 

/i-s-O 



B{s + h,e,u}) -B{s,e,uj) 



2.1) 



+00. 



(2.2) 



(Hi) For each fixed t G M, the function 9 i— >• B{t,6,uj) is C°° over (0,1); its derivative, of 
any order n G at 9, is denoted by (^dgB^{t,9,uj). 

(iv) For every fixed n G Z+, arbitrarily small real number e > and real numbers M,a,b 
satisfying M > and < a < b < 1, there exists a constant C{u}) > 0, only depending 
on Lo, n, £, M, a, b, such that the inequality, 



{d^B){tu9uio) - {d}}B){t2,92,Lo)\ < C{io){\t, - t^r^lSiM-e + _ 



(2.3) 



holds, for all iti,9i) G [-M,M] x [a,b] and (t2,^2) G [-M,M] x [a,b]. 



Remark 2.2 

• The field B was introduced in [3] and Theorem 12.11 Parts (i) and {iii) were derived in 
the latter article (see [1], pages 463 to 470); notice that in |4j, B was denoted by B. 

• A less precise inequality than (j2.3p . was obtained in in the particular case where 
n = and [— M, M] is replaced by [0, 1] (see in [3], Theorem 2.1 and Proposition 2.2 
Part (6)). 

□ 

It is worth noticing that a straightforward consequence of Part (ii) of Theorem 12. 11 is the 
following: 

Proposition 2.3 For all fixed 9 G (0, 1), we denote by Bq = {BQ[t)}t^^ the process {B{t, 9)}teR; 
observe that Bg is a fBm of Hurst parameter 9. There exists an event Vt* of probability 1, 
non depending on s and 9, such that one has, for each a; G fi* and for all (s, 0) G M x (0, 1), 

aBg{s,uj) = 9, 

where aBgis,uj) is the pointwise Holder exponent at s of the function 1 1— )• BQ{t,uj). 
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Observe that the fact that the pointwise Holder exponent of the fBm Bg, is equal, almost 
surely for all s G M, to the Hurst parameter 9, is a classical result (see for example [33 EE]); 
the novelty in Proposition 12.3^ is that this equality holds on an event 0,* of probability 1, 
which does not depend on the Hurst parameter 6 (notice that the event 0,* also does not 
depend on s). 

The proof of Theorem 12.11 mainly relies on wavelet techniques, rather similar to those 
used in [H [5]; it is not really the core of the article, this is why it is given in Subsection 14. 2[ 

Prom now on, it is important that the reader keeps in his mind the following remark. 
Remark 2.4 In the remaining of this section as well as in the next section, 

• the Gaussian field {-B(t, g)g]gx(o,i) defined in (jl.9p . will be always identified with 
its modification {5(t, ^)}(t,6i)e]Rx(o,i) introduced in Theorem 12. It 

• the mBm {X(t)}t£M. of functional parameter H, defined in (jl.lOp . will be always iden- 
tified with its modification {X{t)}teR, defined for every real number t and all w G O 
(the underlying probability space), as X{t,u}) = B{t, H{t),u). 

□ 

Let us now state the main result of our article. 

Theorem 2.5 Let i7 : R — t- (0, 1) be a continuous function, which is nowhere dijferentiable 
on some open non-empty interval J C (0, +00) and satisfies on it, the condition: 

anis) < H{s) < 2a// (s), for each s £ J, {A) 

where anis) is the pointwise Holder exponent of H at s. We denote by {ax{s)}s€R, the 
pointwise Holder exponent of {X{t)}teR = {B{t, H{t))}t£R, the mBm of functional parameter 
H, and we assume that Q* is the event of probability 1, introduced in Theorem \2.1[ Then, 
the following four results hold. 

(i) For all uj G 17* and s G J, satisfying {dgB){s, H{s),uj) / 0, one has axis,uj) = aj/(s). 

(a) For all UJ £ 0,* and s £ J , satisfying {dgB){s, H(s),uj) = 0, one has ax{s,u)) = H{s). 

(Hi) There exists 0,** C Q* an event of probability 1, such that for all uj G 0,** , 

dim„{sGj: {deB){s,H{s),uj) ^0} = 1, 

where dim^(-) denotes the Hausdorff dimension; in other words, 

dim^js G J : ax{s,uj) = a_f/(s)} = 1. 



7 



(iv) For each arbitrarily small r] > 0, there exists D C f)**, an event of (strictly) positive 
probability, which a priori depends on rj, such that for all u £ D, 

dim^{s£j : {deB){s,H{s),u}) = O} > 1 - 77 - inf > 0; 

in other words, 

dim^js G J : axis,u) = H{s)} > 1 - - inf H{s) > 0. 



Remark 2.6 Notice that, when H is a continuous function such that for all s G ^7, one 
has H(s) £ [1/3,2/5] and anis) G [1/4,7/24], then condition (A) above, holds. The class 
of such functions is rather large, namely using methods introduced in [21 [TTl [201 [5] , one can 
explicitly construct many of them: for example let -ff : M — t- [1/3,2/5] be the 1-periodic 
function, defined for all s G [0, 1], 

His) = I + ^ Y: E ^-'''''"^Ti2^s - k), 

where C ■ [0,1] — )• [1/4,7/24] is an arbitrary function satisfying (^(0) = and, where 
T : M — [0, 1] is the function defined, for each x G M, as, T{x) = 1 — |2x — 1| if x G [0, 1] 
and T(x) = else; by slightly adapting the proof of Proposition 5 in [llj, one can show that 
ctnis) = C{s) G [1/4, 7/24] for any real number s. □ 

The proofs of Parts {Hi) and (iv) of Theorem 1 2 . 5 1 are postponed to the next section, since 
they require a specific treatment. Parts {i) and (ii) will result from Theorem 12. H let us 
present the main ideas of their proof, before giving the technical details of it. To this end, 
it is convenient to introduce the following concise notation: let / be a real-valued function 
defined on neighborhood of 0, and let r G [0, +00) be fixed, we assume that the notation: 

\f{h)\>^\hr, 

means that for all arbitrarily small e > 0, one has: 

Heuristic proof of Theorem 12.51 Parts (i) and (H): For all fixed w G 0* and s G J, the 
increment X{s + h,uj) —X{s,uj), of the mBm {X{t)}t^^ = {B{t, H{t))}t^^, can be expressed 
as: 

X{s + h,uj) -X{s,io) = {ABH^^)){s,h,u}) + R{s,h,uj), (2.4) 
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where 

(AB^(,)) (s, h, u) = B{s + h, H{s),u:) - B{s, H{s),oj) (2.5) 

and 

R{s,h,u}) =B{s + h,H{s + h),u}) - B{s + h, H{s),uj). (2.6) 
Moreover, taking 6 = H{s), in ()2.ip and (|2.2p . one gets that, 

|(Ai?^(,))(s,/i,a;)| (2.7) 

Let us estimate R{s,h,u). Applying the Mean Value Theorem, it follows that, 

R{s, h, uj) = {H{s + h)- H{s)) x {deB) {s + h, e{s, h, uj),u), (2.8) 

where 

e{s,h,uj) e {mm{H{s + h),H{s)},max{H{s + h),H{s)}). (2.9) 
Next, observe that the definition of the pointwise Holder exponent a//(s), implies that, 

\H{s + h)-H{s)\>i\h\'^^^'\ (2.10) 

Also observe that, in view of (j2.9p and the fact that {t,9) i— ?• {doB)(t,9,uj) is a continuous 
function, one has that, 

{d0B)(s + h,e{s,h,uj),u;) > {deB)(s,H{s),oj). (2.11) 

Next we study two cases: (Sg-B) (s, //(s), cj) ^ and {do B) (^s, H{s), oj^ = 0. In the case 
where {deB){s, H{s),uj) / 0; ([MD, (1211)]) and (IZTTl) . imply that 

|i?(s,^,L^)| X (2.12) 

Then putting together, (j2.4p . (j2.7p . (j2.12p and the inequality aH(s) < H{s), one obtains that 

|X(s + h,uj)- X{s,uj)\ X 

which proves that Part (i) of the theorem holds. In the case where idgB){s, H{s),uj) = 0; 
(j2.3p . (|2.9p . (|2.10p and the inequality anis) < H{s), entail that, for all arbitrarily small 

e > 0, 

\{deB){s + h,0{s,h,uj),uj) \ = 0{\h\''»'-'^-'). (2.13) 
Then ([23]), ([2T0|) and ([233]) imply that for all arbitrarily small e > 0, 

\R{s,h,io)\ = 0(|/i|2"^^W-^). (2.14) 
9 



Finally, it follows from ([TI]) . (pTT]) . (pJij) and the inequality H{s) < 2aH{s), that 

which proves that Part (ii) of the theorem holds. □ 

In order to give a rigorous proof of Parts (i) and (ii) of Theorem 12.51 we need some 
preliminary results. In the remaining of this section, for the sake of simplicity, we assume 
that J = (0,1). 

Let us first give two lemmas which, generally speaking (even in the case where condi- 
tion (A) fails to be satisfied), provide upper and lower bounds, for absolute increments of a 
typical trajectory of the mBm X, in a neighborhood of an arbitrary fixed point s G [0, 1]. 

Lemma 2.7 For all fixed arbitrarily small e > 0, uj £ Q* (the event of probability 1 introduced 
in Theorem \2.1\) and s G [0, 1], there is a constant C (uj) > 0, such that the following inequality, 

\X{s + h,uj)-X{s,uj)\ < C(6<j)(|^|""^^^-f^(^)'2°^^W)-^ + |(505)(s,i7(s),a;)| x , 

holds, for every real number h satisfying s + h £ [0,1]. 

Lemma 2.8 For all fixed arbitrarily small e > 0, u £ Q* and s £ [0,1], there exist two 
constants C{oj) > and C'{oj) > , such that, the inequalities, 

\X{s + h,uj)- X{s,oj)\ (2.15) 
> {deB){s,H{s),uj) x\H{s + h)- H{s)\-C{uj)\hr'''^^^'^'^'^H^'^^-' 

and 

\X{s + h,u;) - X{s,uj)\ > \B{s + h,H{s),uj) - B{s,H{s),uj)\ (2.16) 

-C'{UJ) (^\{dgB){s,H{s),Uj)\ X + |/i|mm{H{s)+a«{.),2a«(s)}-e^ 

hold, for every real number h, satisfying s + h £ [0, 1]. 

Remark 2.9 Let lo £ il.* and s £ (0, 1) be fixed. Recall that the pointwise Holder exponent 
at s, of the function 1 1— )■ X(t,uj), is denoted by axis,uj). It follows from the previous lemma 
that: 

(i) When {dgB){s,H{s),uj) / 0, one has 

axisjUj) > min{ff(s), 0^(5)}. 

(ii) When (Sgi?) (s, if(s), w) = 0, one has 

axis,uj) > min{iJ(s), 2a//(s)}. 

□ 
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Let us now give the proofs of these two lemmas. 
Proof of Lemma 12. 7t Fh-st observe that using the first equahty in (|1.1U|) as weh as the 
triangle inequality, one has that 



X{s + h,uj) - X{s,uj) 



(2.17) 



< 



B{s + h,H{s + h),uj) - B{s + h,H{s),uj) + B{s + h, H{s),uj) - B{s, H{s),u)) 



The function 9 i— )• B{s + h, 9, oj) being continuously differentiable over (0, 1) (see Part (in) of 
Theorem 12. ip , it follows from the Mean Value Theorem that there is 



9{s, h,Lo) £{ mm{H{s + h), H{s)}, max{//(s + h),H{s)}) , 



such that 



B{s + h,H{s + h),uj)-B{s + h,H{s),uj) = (deB) {s + h,9{s, h,uj),u) x\H{s + h) - H{s)\. 

(2.18) 

Moreover, the triangle inequality implies that 



{deB) {s+h,9is,h,u;), 



< 



{deB){s,H{s),u;) + {deB) {s+h,9is,h,oj),u;)-{deB) {s, H{s),u;) 

(2.19) 

Part {iv) of Theorem 12.11 (in which e is replaced by e/2 and one takes n = 1, M = 1, 
a = min^g[o,i] B{x) and b = max^-gjo,!] H{x)), entails that 

{deB){s + h,9{s,h,uj),u;) - {deB){s,H{s),uj) 

< Ci(a;)(^|/jp^{^^(^)A^A'^)}-^/2 + \0^s, h,io) - H{s)\^ 

< Ci(a;)(|/i|^(^)-^/2 ^ |^(^ ^(^)|^^ (2.20) 

where Ci{uj) is a constant non depending on s and h. Putting together (j2.18p . (j2.19p . (j2.20p 
and the inequality \H{s + h) — H{s)\ < c|/i|"^^''^~^/^ (c being a constant), one gets that 



B{s + h, H{s + h),oj) - B{s + h, H{s),u}) 

< C2(w) ( {deB){s,H{s),U0) X \h\''His)-e/2 ^ ^f^^min{H(s)+aHis),2aH{s)}-e\ ^ 



(2.21) 



where C2{oj) > is a constant only depending on w, s and e. On the other hand, (|2.ip implies 
that 

B{s + h,H{s),u) - B{s,H{s),u}) < C3(w)|/i|^W^^ (2.22) 

where C3(cj) > is a constant only depending on w, s and e. Finally, putting together (j2.17p . 
([2:21]) and ([2:22]) one obtains the lemma. □ 
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Proof of Lemma 12. 8t Let us first show that the inequahty (j2.15p is true. It follows from 
the first equality in (|1.10p as well as the triangle inequality, that 



X{s+h,uj)-X{s,uj) > B{s+h,H{s+h),uj)-B{s+h,H{s),uj) - B{s+h, H{s),uj)-B{s, H{s),u) 

(2.23) 

Recall that B{s + h, H{s + h),uj) — B{s + h, H{s),uj) satisfies the equality ()2.18p and that 

B{s + h, H{s),uj) — B{s, H{s),uj) satisfies the inequality (|2.22p : also notice that the triangle 
inequality implies that 



{deB){s+h,e{s,h,uj), 



> 



{deB){s,His),u;) - {dgB){s+h,eis,h,oj),u;)-{dgB){s,H{s),oj) 

(2.24) 

where e{s,h,uj) is as in (f238D . Putting together (I2J8D . (fZMD . (l2:20]l and the fact that H is 
a bounded function, one gets that, 

B{s + h,H{s + h),uj) - B{s + h,H{s),uj 

> (\{dgB){s,H{s),oj)\ - \{deB){s + h,e{s,h,oj),uj) - {dgB){s,H{s),oj) j x \H{s + h) - H{s)\ 

> {dgB){s,H{s),uj) x\H{s + h) - H{s)\ 
-Ci{u)(\h\^^'^~'/^ + \H{s + h) - H{s)\) X \H{s + h) - H{s)\ 



{dgB){s,H{s),u;) X \H{s + h) - H{s)\ - C2{uo){\hf^'^-''^ + \H{s + h) - H{s)\^), (2.25) 



> 

where Ci{uj) > and C2(a;) > are two constants only depending on u, s and e. Putting 
together STTIh . (IT^ . (imjl and the inequality \H{s + h) - H{s)\ < c|/i|°«('^)-^/2 (c being 
a constant), one obtains (I2.15p . Let us now show that (|2.16p holds. It follows from the first 
equality in (jl.lOp as well as the triangle inequality that 

X{s+h,uj)-X{s,uj) > B{s+h,H{s),uj)-B{s,H{s),uj) - B{s+h, H{s+h),uj)-B{s+h, H{s),u}] 
Then combining the latter inequality with (I2.2ip . one gets (I2.16p . □ 



Rigorous proof of Theorem 12.51 Parts {i) and (ii) : The proof can easily be done by 
making use of condition (A), Remark 12.91 Lemma 12.81 (|2.2p in which one takes 6 = H{s), 
and the fact 

\His + h)-His)\ 

limSUp — ;r^- = +00, 

for every e > 0. □ 
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3 HausdorfF dimension of the zero-level set of the process 

{{doB){s,H{s))},^j 

The goal of this section is to show that Theorem 12.51 Parts {in) and (iv) hold. Notice that 
in all the sequel, we do not necessarily impose on the continuous functional parameter H 
of mBm to satisfy condition (A) (see Theorem 12. 5|) . Also, in all the sequel, we denote by 
{y(s)}sgK the centered Gaussian process {{dQB){s, H{s))}s£M., where the centered Gaussian 
,6»)eRx{o,i) — {(f^£i-^)(*> ^)}(t,6»)eKx{o,i) has been introduced in Theorem[2TT] 

Part {in). 

Let us first give stochastic integral representations (modifications) of {[dgB) (t, ^')}(t,6»)GMx(o,i) 
and {y(s)}s6M. 

Proposition 3.1 One has for all {t,6) G M x (0, 1), almost surely, 

{deB){t,e)= [ Ut-xf-'/^og [{t-x)+]-{-x)l''^''\og[i-x)+]]dWix), 

with the convention that (y)^ ^^"^ log [(y)+] = for every real numbers 9 G (0, 1) and y < 0. 
As a straightforward consequence, one has for all s G M, almost surely, 

Y{s)= f {(.-x)f^)-^/'log[(s-x)H.] -(-x)f^)-^/'log[(-x)+]}dVF(x). (3.1) 

The proof of Proposition 13. II is given in Subsection l4.3l since it relies on wavelet techniques 
similar to those used in Subsection 14.21 in order to show that Theorem 12.11 holds . 

Prom now on, we assume that / = [(^1,(^2] C J7 is a compact interval such that < 
82 — Si < 1 and 

< & = maxif(s) < 7? + inf if(s) < 1, (3.2) 

where 77 > is an arbitrarily small fixed real number; the open interval J has been introduced 
in Theorem 12.51 and one has that 5i > since J C (0, +cxd). Observe that such an interval / 
exists, since we assume that is a continuous function over R. The following lemma shows 
that Var(y(s)), s G /, is bounded away from zero. 

Lemma 3.2 There is a constant c > 0, only depending on b\, such that for all s ^ I, one 
has 

Var(y(s)) > c. (3.3) 
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Proof of Lemma 13. 2t It follows from (j3.ip and the change of variable v = s — x, that 
Var(y(s)) = 

> 



> 

□ 

Now we are in position to prove Theorem 12.51 Part [Hi). 
Proof of Theorem 12.51 Part {iii): Let us fix sq G / C J . Observe that the centered 
Gaussian random variable Y{sq) = {deB){so, H{so)) has a non-zero standard deviation (see 
Lemma Is. 2p and thus its probability density function exists; the fact that the latter function 
is strictly positive on the whole real line, implies that {doB){so, H{so)) ^ almost surely. 
Then, noticing that the event Q* (see Theorem 12. ip is of probability 1, it follows that the 
probability of the event 

Q** = {uj£n*: {deB){so,H{so),uj) / O}, 

is equal to 1. Next, in view of the fact that, for all fixed co G il** C $7*, {deB){so, H{sq),uj) / 
and s I— )• {dgB){s, H{s),uj) is a continuous function over the real line (this easily results from 
Theorem 12.11 Part (iv) as well as from the continuity of H), one has that 

{sej: {deB){s,H{s),co)^0}=Jn{{deB){;H{-),co)y\R\{0}), 

is a non-empty open subset of M, which implies that its Hausdorff dimension is equal to 1. □ 

The proof of Theorem 12.51 Part (iv), is in the same spirit as that of Theorem 8.4.2 in [l] 
and Relation (5.9) in [29]; basically, it relies on the following proposition which shows that the 
process {Y{s)}s£i satisfies the so-called property of one sided strong local nondeterminism. 
A detailed presentation of the important concept of local nondeterminism and related topics 
can be found in [lOj and in [38j, for instance. 

Proposition 3.3 For all integer n >2 and for each s^, . . . , G / satisfying 

< . . . < s", (3.4) 
14 



{s — x)^^^^ ^^"^ log [(s — x)+] — (— x);^'-'*^ ^^"^ log [(— x)+] dx 



(S - X)2^(^)-1 log2 [(S - X)] dx 

\'^('^''log\v)dv 







min((5i ,1) 

vlog^{v) dv > 0. 







one has, 

Var(y(s")|y(si), . . . ,y(s"~^)) > (s" - iog2 [(s" _ (3.5) 

where Yav (Y{s"')\Y{s'^), . . . , y(s"'--'^)) is the conditional variance ofY{s"') given Y{s'^), . . . , Y{s"'~^). 

Proof of Proposition 13. 3t In view of the definition of Yar [Y{s"')\Y{s^), . . . ,1^(5"--^)) 
and the Gaussianity of the process {Y{s)}s£i, it is sufficient to show that, for every integer 
n > 2, for all real numbers ai, . . . , a„_i and for each s^, . . . , s" £ I satisfying ()3.4p . one has 



n-l 



E 



Y{sn-Y.<'iY{s^) \>2-\s--s--^Y^'^' ^log2[( 
\ 1=1 J 

It follows from (|3.ip and the isometry property of Wiener integral, that 

/ n-i 2\ 

Y{s^)-Y^aiY{i) 

1=1 / 

'(s" - x)f '"^"^/^ log [(s" - - (-x)f '"^"^/^ log [(-x; 



(3.6) 



E 



. 5: a.{(s' - x)f ^')-i/^ log - xU] - (-x)f log } 



1=1 



(3.7) 



Next, observe that for every x S [s" "^,5"], one has —x < and, as a consequence, for all 
/ G {l,...,n}, 

(_^)J(^Vi/2i^g[(_^)^] (3.8) 

Also, observe that for every x G [s"-^, s"] and / G {1, . . . , n — 1}, one has, in view of (j3.4p . 
that — X < 0, therefore, 



Putting together, (|3.7p . (|3.8p and (|3.9p . one gets that, 
E(^|n^")-£a,y(s')|'^ 

> / (S"-X)2^(^")-Il0g2(s"-X)(ix 

(s" - s"-i - x)2^(^")-i log2(s" - - x) dx. 



(3.9) 



(3.10) 
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Next, setting in the last integral, v = x/{s'^ — ^) and using the fact that < s" — s'^ ^ < 
82 — Si < 1, one obtains that 



/' 

^0 



(S" _ _ xf"^'"^-^ log2(s" - - X) dx 







2/i'(s")-l 



log 



= (,n _ ^n-l)2H(.") _ ^fHis-)-l ^ l^g [(1 _ + log [(. 

Finally combining ([XTO]) with ([3TT]) . it follows that ([3:6]) holds. □ 

Now it is convenient to make a few recalls concerning the so-called (deterministic) mea- 
sures of finite 7 energy, more information about them can be found in [25j . In the sequel, we 
always assume that 7 G (0, 1). A measure ji defined on the Borel sets of M is said to be of 
finite 7 energy, if the integral 

Ij{fi)= / / \s -t]-"' dfi{s)dn{t), (3.12) 

which is usually called the 7 energy of /x, exists and is finite. A^^, the class of these measures, 
forms a Hilbert space equipped with the inner product 

= / / \s — t\~'^ dfi{s)diy{t); 
Jr Jr 

the corresponding norm is denoted by || • ||-y. Moreover, Ai^ , the subset of the positive 
measures of Ai-y, is a complete metric space, for the metric 

11^ — 1^11^ = 4/ / / \s — tl^'y d{id — i'){s)d{fj, — i'){t) = \/ly{fi — u). (3.13) 
\ JrJr ^ 

One of the main interests of the positive measures of finite 7 energy comes from the following 
lemma which is a straightforward consequence of the Frostman Theorem, the latter theorem 
is presented in e.g. [21] pages 132 and 133 (see also [14J). 

Lemma 3.4 Let K be a compact subset o/M. If K carries a positive non-vanishing measure 
of finite 7 energy (i.e. if there is a positive non-vanishing measure of finite 7 energy whose 
support is contained in K), then the Hausdorff dimension of K is greater than or equal to 7. 
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We are now in position to prove Theorem 12.51 Part {iv). 
Proof of Theorem 12.51 Part (iv): For all u £ (the event of probability 1 introduced 
in Theorem 12. ip . we set 

Criio) = {s £ I : {deB)is,H{s),u;) = 0}. 

Recall that / = [5i, 82] C ^7 is a compact interval such that < — (5i < 1 and (|3.2p holds. 
Also, recall that the process {{deB){s, H{s))}sei is denoted by {Y{s)}sei- 

We will show that for all 7 < 1 — 6 there is C fi* an event, which a priori depends on 
7 but whose probability is bigger than a strictly positive constant non depending on 7, such 
that for all lv G T>^, the set i2y(a;) carries a positive non- vanishing deterministic measure 
fj,{-,uj), whose 7 energy is finite. Roughly speaking, the idea for obtaining /u(-,a;) is somehow 
similar to the one which consists in constructing a Dirac measure as a limit of Gaussian 
measures; namely, fJ-{-,uj) will be the limit, in the sense of the norm || • ||^, of some of the 
positive measures /i„(-,a;), n S N, defined for each Borel subset A of M, as. 



<l>nit,U})dt, 



Ani 



where for all t G /, 



<I>„(t,a;) = (27rn)^''^exp 



nY{t,uj) 



21 



(3.14) 



(3.15) 



Notice that (]3.15p and the Fourier inversion formula, imply that for all t G / and lo £ Q*, 



exp 



(3.16) 



It is clear that 

Supp/Un(-,a;) = /. (3-17) 

Moreover, iin{-,uj) is of finite 7 energy for any 7 E (0, 1). Indeed, in view of (|3.12p and (j3.14p . 
Iy[^n{-,^)) can be expressed as, 



I^{fin{-,UJ)) = jj\s-t\-^^n{s,Uj)^n{t,Uj)dsdt- (3.18) 

then, (I3.15P implies that 

Xy(/in(-,w)) < 27rn j j \s — t\~'^ ds dt < oo . 

Observe that one can more generally, show in the same way, that for all integers n > 1 and 
m > 1, 

\s — t|~'''$„(s, a;)<^,,„(t, a;) ds dt < oo. 



/ Jl 
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Let us now construct a subsequence I i— )• n/ satisfying the following property: for all 7 < 1 — 6, 
there is Cl^ C J7* an event of probability 1, which a priori depends on 7, such that for each 
Lo G Clj, is a Cauchy sequence, in the sense of the norm || • ||^. To this end, one 

needs to give, for all integers n > 1 and p > 0, a convenient upper bound of the quantity 
^(ll/"n+p — /"n|l7)- By using (j3.13p . (|3.18p . Fubini Theorem and (I3.16p . one gets that, 



J J \s-t\-^E{{<^>n+pis)-'^>nis)){<^n+p{t)-Mt))]dsdt 

e 




\s - t\ 



'I J I 



exp 



2{n+p) 



exp 



2n 



exp 



exp (^i{^Y{s)+r]Yit) 



2{n+p) 
dS, dr] ds dt. 



exp 



(3.19) 
2n. 



Moreover, in view of the fact that (^,r/) 1— >■ E exp yi(^^Y{s) + i]Y{t) 



is the characteristic 



function of the centered Gaussian vector 



Y{t) 



one has that 



E 



exp(i(ey(s)+ryy(t) 



exp 



1 / ^ \ i i 



r] 



7] 



E[Yisf] 
E[Y{s)Y{t)] E[y(t)2 



(3.20) 



E[Yis)Yit)] 



where is the transpose of and where ry(s, t) = 

( ^(s) \ 

is the covariance matrix of . Also, observe that for all integers n > 1, p > and 

real number ^, 



< exp 



2{n+p) 



exp 



I. 

2n 



e 



2(n + p). 
2n 



1 — exp 



P 



2n[n + p) 



(3.21) 



< exp 

< 1 — exp 

Putting together, (j3.19p . ()3.20p and (|3.2ip . one obtains that for all integers n > 1, p > 

0<E(||^„+p-/i„||2) <[/„, (3.22) 

where 




1 1 J I 



\s — t\ ( 1 — exp 



X exp 



2n^ 
1 I i 



1 — exp 



ry(s,t) 



2n^ 



(3.23) 



drj ds dt. 
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Let us now show that 



lim Un = 0. 

n— ^+00 



(3.24) 



The equahty (|3.24p results from the dominated convergence Theorem. Indeed, for almost all 
ry) G X M^, one has 



lim |s — t| ( 1 — exp 



2n 
X exp 



1 — exp 



1 / e 



2n 



V 



(3.25) 



ry(s,t) 



V 



0. 



Moreover, using the equalities 



exp 



1 / e 



ry(s,t) 



V 



d^drj = 2tt (det(ry (s, t))) 



-1/2 



and 



det(ry(i,s)) =Var(y(s)) x Var(y(t)|y(s)) , 

and using the fact that / = [(5i,(52]) Lemma \32[ Proposition 13.31 and (|3.2p . one has 

t 



(3.26) 



(3.27) 



'/ J I 

= Att 

= Att 
< ci 



s — t\ exp 
h ft 



2 1 ^ 



ry(s,t) 



?7 



dr] ds dt 



(t- s)-T (det(ry(s,t))) ^/^dscii 



1 •'Ol 

52 /-t 



(t - s)-^ (Var(y(s)) X Yai {Y {t)\Y (s))) 



-1/2 



ds dt 



1 •'Ol 
52 ft 



{t - s)-^-''\log{t - s)\ "dsdt< 00, 



(3.28) 



where ci is a finite constant only depending on 5i ; observe that the last integral is finite since 
7 < 1 — 6. Relations (j3.25p and ()3.28p . allow us to use the dominated convergence Theorem 
and to obtain Relation (j3.24p . Next, it follows from (j3.24p . that there is an increasing 
subsequence I ^-^ ni such that for all I one has 



Un, < 2- 



Then setting in (j3.22p . n = ni and p = n;+i — ni, and using Cauchy-Schwarz inequality, one 
obtains that 
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and consequently that 

This imphes that there exists an event Cl^/ Q Q* of probabihty 1 such that for all oj G Cl-y, 



1=0 

Therefore (^„;(-,a;))^ is a Cauchy sequence for the norm || • ||^ and, as a consequence, it 
converges to a positive measure /i(-,Ci;) of finite 7 energy. In view of (|3.17p . one clearly has 
that Supp/i(-, tj) C /, let us show that one even has, 

Supp/i(-,a;) C £y(a;). (3.29) 

Let 5 be a bounded continuous function on the real line which vanishes on a neighborhood of 
Cy{uj) and let K be the compact set defined as K = I (1 (Suppg). Observe that, in view of 
the definition of Cy{uj) and of the continuity of the function 1 1— t- Y{t,uj)'^, there is a constant 
C2(w) > such that for ah t G K, Y(t,u)'^ > C2(a;). Therefore, using (fSHjl and (f8T5]l . one 
has for all /, 

git)dfin,{t,uj) =(27rn0^/' / gWe-"'^^*'")'/' < (27rnz)i/2e-"'^2(")/2 max |<7(t)|, 

Jk ^Gii" 

and consequently that 

/ 9{t)dfi{t,u;) = lim / g{t) dnni{t,i 

thus one obtains (I3.29p . Let us now show that there are two constants C3 > and C4 > 0, 
which do not depend on 7, and that there exists an event C 0^, a priori depending on 7, 
which satisfies 

F(^?7) > C3 (3.30) 

and for all uj G T>^, 

^{Cy{'^)-,oj) = ^{I ,uj) > C4^. (3.31) 
To this end, we will use the following lemma whose proof is elementary (see e.g. {24j page 8). 

Lemma 3.5 Let X he a real-valued nonnegative random variable with a finite non-vanishing 
second moment. Then one has for all A G (0, 1), 

P{X>AE(X)}>(1-A)2|M. (3.32) 



,u; 
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It follows from (IXTil) . (IXT6]) . Fubini Theorem and the fact that ^ H> Efe*^'*^^*)] is the 
characteristic function of the centered Gaussian random variable Y{t), that 

J I Jm. J I Jm 

where a"y(t) is the standard deviation of Y(t). Then, using the dominated convergence 
Theorem and Lemma 13.21 one has that 

lim E = V2^ / ayity^ dt = c^> 0. (3.33) 

On the other hand, (j3.14p . (j3.16p . Fubini Theorem, and ()3.20p imply that 





1 1 J I 



exp < 



Then using the dominated convergence Theorem, (j3.26p . (j3.27p . the equality / = [(^i,52]; 
Lemma 13.21 Proposition 13.31 and (j3.2p . one obtains that 

< C6 = lim EK,(/)^1 = 27r / / (det ry(s, t))"^''^ (3.34) 

l^ + QO Jl Jl 

(-52 



<ci [ [ (t - s)"^| log(t - s)| ^dsdt<oo, 

JS^ JS^ 



15^ JS^ 

where ci is the finite constant already introduced in ()3.28p and where the last integral is finite 
since 6 < 1. Let Aq S (0, 1) be such that 

P{//(/) = A0C5} =0. 

By using (j3.33p as well as the fact that one has, almost surely (more precisely, on the 
event O-y), 

= lim /i„,(/), 

one obtains that 

P{^(/) > A0C5} = lim P{m„,(/) > AoE[^„, (/)]}. 
Then ([3331) . ([331) and Lemma [33] imply that 



•{^(/)>AoC5}>(l-Ao)2^ 
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Therefore, setting C3 = (1 — Aq)^^, C4 = A0C5 and = {uj Ct^ : fi{I,u)) > C4}, one gets 

()3.30p and (j3.3ip . Next it follows from Lemma 13.41 that, for all real number 7, satisfying 
7 < 1 — 6 and for all uj G Dy, one has 

dim^£y(cL!) > 7. (3.35) 

For every integer m > (1 — b)^^, let be the event defined as 

+00 

Dm= [J ^^l-b-„-l- 
n=m 

It is clear that for all m, Dm+i C Dm- Moreover, ()3.30p implies that F{Dm) > C3 and ()3.35p 
that for all uj G D„i, dim^£y (w) > 1 — b — m^^. Therefore taking 

D=i ff nAnn**, 

Vm>(l-fe)-l / 

where is the event of probability 1 introduced in Theorem 12.51 Part {in), one obtains 
Theorem 12.51 Part (iv). □ 



4 Appendix 

4.1 Proof of Theorem 11.11 

Proof of Theorem \l.l\ Part [i): First observe that by using the same method as in the proofs 
of Lemma 3.5 in 0] and Proposition 3.6 in [5], one can show that there exists a deterministic 
quantity hx{J) G [0, 1], such that, 

P{/3x(J) = 6x(J)} = L (4.1) 

Let us prove that 6x(-'') = hx{J)- It follows from pTT]) . (j^j) and Lemma 2.3 in [1], that 

bx{J) ^ bx{J)- In view of the latter inequality and the fact that bx{J) > 0, it is clear that 
one has hx{J) = bx{J) when hx{J) = 0. So from now on, we assume that hx{J) G (0, 1]. Let 
then A be an arbitrary deterministic real number belonging to the open interval (0,6x(^))- 
Relations (|4.ip and (jl.ip . imply that 

\X{t' - X{t" , , , 

sup — —T < 00, almost surely. (4-2) 

Next (j4.2p and the Gaussianity of the process {X{t)}teJ^ entail (see [26]) that 

\X(f,w)-Xlt»,w)\-' 



t',t"eJ F ~ I 



t',t"eJ F ~ I 



< 00 
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and, as a consequence (see (|1.4p ). that A < bx{J)- One gets, from the latter inequahty, that 
bx{J) < bx{J), since A G {0,bx{J)) is arbitrary. □ 

Proof of Theorem li.il Part (ii): First observe that, assuming that Ji and J2 are two arbitrary 
non-degenerate compact intervals satisfying Ji C J2, one has, in view of (jl.4p and (jl.ip . that, 

> bx{J2) and > Pxi'h.oj) for ah w. 

Therefore (jl.7p and (jl.2p . imply that, 

^x{s) = svlP {bx{[u,v\) : u, G Q and s G (n, u)} (4.3) 

and, for each w, 

ax(s,'^) = sup{/3x(['U,v],a;) : u, v G Q and s G (u, t;)} , (4.4) 

where Q denotes the set of the rational numbers. On the other hand, (jl.Sp and the fact that 
Q is a countable set, entail that, 

W{l3x{[u:v\) = bx{[u,v\) : for ah u,v £Q such that u < v} = 1. (4.5) 

Putting together, (jl3D, (03]) and (03]), one obtains I^M). □ 

4.2 Proof of Theorem 

As we have already mentioned (see Remark l2.2p . Parts (i) and (izi) of Theorem 12.11 have been 
obtained in [1], however, we need several ingredients of their proofs, in order to derive the 
other parts of the theorem. This is the reason why these proofs will be recalled in the sequel. 

The modification {B{t,9)}(^t,e)mx{o,i) of the field {B{t,e)}^t,e)mx{o,i) (see ([0])), wih be 
defined as a random wavelet type series. Let us first introduce some notations related to 
wavelets. 

• We denote by a Lemarie-Meyer real- valued mother wavelet [271 EOl ES] . Recall that 
it satisfies the following three nice properties: 

(a) ip belongs to the Schwartz class ^(M); which means that ip is a C°° function and 
decreases at infinity, as well as all its derivatives of any order, faster than any 
polynomial. 

(b) The support of the Fourier transform of ip, is contained in the ring |^ G 
IK : ^ < 1^1 < throughout this subsection, the Fourier transform of a 
function / G L^(M) is definied for every real number ^, as /(^) = e~*^^/(x) dx. 
Sometime, we denote / by T{f)- 
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(c) The collection of the functions: 

MC = {2^/^i){2^ ■ -k) : {j,k) £ 1?}, 
forms an orthonormal basis of the Hilbert space I?' 



Observe that (a) and (6) imply that belongs to Lizorkin space (see e.g. page 148 in 
for a definition of this space). 



• We denote by ^ the real-valued function defined for every (y, 0) G M x (0, 1) as, 

*(y, ^) = hv- xf-^l^^{x) dx. (4.6) 
Jm. 

Observe that for all fixed 9 € (0, 1), the Fourier transform J^(^(-,0)) of the function 
1 1— )• ^(t, 0), satisfies, for all real number ^ 7^ 0, 

-^(*(-,^))(e) = r(0 + l/2)e-^-«)(^+V2)t_^^ (4.7) 

where T is the usual Gamma function, defined for every real number z > 0, as, 

f +00 



T{z) = / x'-'e~^ dx. 







Relation (j4.7p comes from the fact that for each fixed 6 G (0, 1), the function ^gqrxy^J' 
is the left-sided fractional primitive of ip of order 9 + 1/2, we refer to Chapter 2 of 



for its proof. It is worth noticing that by using ()4.7p and a method quite similar to that 
which allowed to obtain Lemma 2.1 in [3] and Lemma 2.4 in [6], one can show that ^ 
is C°° over M x (0, 1) and also, that it is, as well as its partial derivatives of any order, 
well- localized in the variable y G M, uniformly in the variable 9 G (0, 1); in other words, 
for every nonnegative integers m and n, one has 

sup{(2+|y|)'|(a3"vl;)(y,0)| : (y, 0) G M X (0, 1)} < 00. (4.8) 

• We denote by {sj^k '■ {j, k) G Z^} the sequence of the real-valued independent AA(0, 1) 
Gaussian random variables defined, for all (j. A;) G Z'^, as. 



e 



fc = 2^/2 / ^p[2^x - k) dW{x). (4.9) 



Roughly speaking, the field {i?(t, 0)}(( 0)£Kx(o,i) is defined as, 

Bit,9)= Yl 2-^%-fc[M/(2^t-A;,0)-^(-A:,e)]. 

(j,fc)GZ2 

In order to precisely explain its definition, one needs some preliminary results. The following 
lemma allows to almost surely control the increase of the sequence {^j^k ■ {j, k) G Z^j. 
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Lemma 4.1 There is Q* an event of probability 1, such that every uj £ satisfies the 
following two properties. 



(i) There exists C a positive random variable, non depending on {j, k) and of finite moment 
of any order, such that for all {j, k) ^Tl? , one has 



< C(a;)Vlog(2 + |i|)log(2 + |fc|). (4.10) 

(ii) For each fixed s G M and j G N, let Tj{s) be the random variable defined as, 

Tj{s) = max{|ej-fc| : k e Z and \s - 2-^k\ < j2^~^}; (4.11) 

then one has, 

liminfrj(s,a;) > 1/4. (4.12) 

j— >-+oo 

The proof of Lemma 14.11 has been omitted, since Part (z) can be obtained similarly to 
Lemma 4 in [3j and Part (ii) similarly to Lemma 4.1 in [5j. The precise definition of the field 
{S(t, 6')}(f e)giRx(o,i) is provided by the following proposition. 

Proposition 4.2 Let be the function introduced in ('■''^d let {ej,fe : (i, k) G Z^} be the 
sequence of the real-valued independent M{0, 1) Gaussian random variables defined in ^4-^ - 
For all fixed u € and (t, 0) G M x (0, 1), one has 

2~^'^\ej^k{oj)\\^i2H-k,9)-^{-k,e)\ <oo. (4.13) 

Therefore, the series of real numbers 

2-^'e,^k{u^) [^i2H -k,e)- ^i-k, 9)] , 

converges to a finite limit which does not depend on the way the terms of the series are ordered; 
this limit is denoted by B{t,9,u}). Moreover for each uj ^ fl* and every {t,9) G M x (0,1), 
one sets B{t,9,uj) = 0. 

Proof of Proposition 14. 2t Let a; G 1)* and {t, 6*) G M x (0, 1) be arbitrary and fixed. By 
using the triangle inequality, (|4.8p in which one takes m = n = 0, and (j4.10p . it follows that 
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for all arbitrary fixed j G N, 

^ |E,.i(cj)||*(2'( -kj)- 1{-k,e)\ 



fcez 



V(2 + |2it-A:|)' (2 + 



< C,H^log(2 + ,)log(2 + 2.|t|)^ Vlog(2 + |fe|) 



+ 



(2 + 1^1)' 



(4.14) 



where [2^t] denotes the integer part of 2^t and where Ci{uj) and 6*2(0;) are two finite constants 
non depending on k, j and t. Then, noticing that, 



^ Vlog(2 + |fc|) ^ 



sup 

s/e[o.il Uez (2 + |y-fc|) 



it follows from (|4.14p that 



^^2--''^|ej-fc(a;)||*(2^t-A:,^)-^'(-fc,0)| < 00. (4.16) 

jeNfcez 

Let us now prove that, 

Y.'^-''\ej,k{u^)\\^i2H - k,e) - ^i-k,e)\ < ^. (4.17) 

Assume that j G Z_ is arbitrary and fixed. Applying, for any fixed k £ 7j, the Mean Value 
Theorem to the function y i-> ^'(y — A;) on the interval [min{2-'t, 0}, max{2-'t, 0}] C [— \t\] , 
one has that there exists uG [ — such that, 

^{2H- k,e) -^{-k,e) = 2H{dy'^){u-k,6). (4.18) 

Next, denote by IC{t) and /C^(t) the sets IC{t) = {k e Z : \k\ < \t\} and IC%t) =Z\ IC{t); 
observe that the cardinality of lC{t) is bounded from above by 2\t\ + 1. Putting together 
()4.18p . (14. Sp in which one takes {m,n) = (1,0), and (I4.10p . one obtains that, 

\ej,k(.^)\\^(.^'t-k,0)-^{-k,e)\ 



< 



C3{u)isup\{dy^){y,e)\]2^\t\y/log{2 + \j\) V 7bi(2T 



< C73(^)|t|(2|t| + 1) Vlog(2 + |t|) sup I (a, VI/) (y, 0)1 2Vlog(2 + |j|) (4.19) 
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and 

\ej,k{^)\\^{2H-k,e)-^{-k, 



<C3M2^|t|Vlog(2 + |j|) Yl i \idy'^)iy-k,0)\] Vlog(2 + |A:|) 

<c.M2^i<iv/M2Tro E ./'"f 

fe=[it|]+i (i + fc- [l*l]) 

< C5M|t|Vlog(2 + |t|) (2 A/log(2T5\ 2.yiog(2 + |j|), (4.20) 

Vfe=o (2 + ^) / 

where 6*3(0;) is the positive finite constant C{uj) in ()4.10p . and where C4(a;) and C5{uj) are 
two positive finite constants non depending on k, j and t. Next combining (|4.19p and (j4.2Up . 
with the fact that 6 £ (0, 1), one gets I^TTt) . Finally (l4J6]l and KT7\\ show that (f4T3]l holds. 

□ 

Let us now explain the reason why the random field {B{t, 0)}[t,e)eRx{o,i) can be identified 
with the random field {-B(t, 0)}(j 0)gigx(o,i) defined in ()1.9p . 

Proposition 4.3 The field {B{t,9)}(^i g^^^x{o,i) introduced in Proposition \4.S[ is a modifica- 
tion of the field {-B(t, 0)}(t 5i)g]Kx(o,i) defined in ^.9\) . 

Proof of Proposition 14. 3[ The proof is quite classical in the area of multifractional 
processes (see e.g. O HI O |6]). First one expands for all fixed {t,6) G M x (0, 1) the function 
X I— 7- (t — x)^ ^'^^ — (— a^)^ in the basis AiC, then one makes, in the deterministic integrals 
corresponding to the coefficients, the change of variable u = 2^x — k, finally using the isometry 
property of the Wiener integral in (jl.9p . one can show that the series 

Y 2-^%- [^{2H -k,e)- ^{-k, 9)] , 
(j,fc)ez2 

converges in L^(il) (il is the underlying probability space) to the random variable B{t, 9). □ 
Let us now notice that for all u £ ^l* and {t,9) G M x (0, 1), B{t,9,uj) can be expressed 

as, 

B{t,9,uj) = Bi{t,9,u) + B2{t,9,uj) - R{9,u), (4.21) 

where 

_ 

B,{t,9,u;)= Y '^'''Y.^^'k{oj)[^{2H-k,9)-^{-k,9)], (4.22) 
j=—oo fcez 



27 



52(t,e,w) = ^2"^'^^ej-fc(a;)^'(2^t-A:,e), (4.23) 
j=i kez 

and 

+00 

R{e,oo) = ^2-^'^ j;e,-fc(a;)M/(-A:,0). (4.24) 

j=i kez 

In the sequel, we show that the functions (t, 9) 1— )• Bi[t, 9, u) and (t, 9) 1— )• R{9, lo) are C°° over 
M X (0, 1); thus it turns out that for proving Theorem l2.H it is sufficient to show that it is true 
when the field {B{t, 6')}(t,e)giRx(o,i)' is replaced by the more simple field {B2{t, 9)}i^t,e)eRx(o,i)- 
The following technical lemma will play a crucial role in the sequel. 

Lemma 4.4 For all uj £ 0,* and j £ Z, we denote by Sj{-,-,uj) the real-valued function 
defined for every {t, 9) £W x (0, 1) , as, 

Sj{y, 9,oj) = Y, e,,k{uj)^{y - k, 9). (4.25) 

fcgZ 

Then, the following two results hold, for each lo £0.* . 

(i) For all j G Z, the function Sj{-,-,u) is C°° over M x (0,1) and one has for every 
nonnegative integers m,n and each {y,9) G M x (0,1), 

id^d^S,)iy,9,u) = Y,ej,ki^)id^d^'^){y - k,9). (4.26) 

fcez 

(ii) For all real numbers < a < 6 < 1 and for every nonnegative integers m,n, there 
exists a finite constant C{ljj) only depending on a,b,m,n,u), such that for all j G 7L and 
positive real number z, one has, 

sup{|(53"5,)(y,^,^)| : (y,^)G[-z,z]x[a,6]} 

<sup|^|e,-fc(a;)||(93"M/)(y-A;,e)| : (y, ^) G [-z, z] x [a, 6] I 

< C(^)v'log(2 + k|)log(2 + |j|). (4.27) 

Proof of Lemma First observe that by using (j4.10p and (|4.8p . one can prove that for 
each fixed (j, y,9,uj) G Z x M x (0, 1) x 17*, the series in (|4.25p is absolutely convergent, which 
implies that the function Sj{-, -,00) is well-defined. Let us now show that Part (i) holds, to 
this end, it is sufficient to prove that for all nonnegative integers m, n, the series 



Y,e,A^){d^d^^)iy-k,9), 



k& 
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is uniformly convergent, on each compact set of the form [— M, M] x [a, 6], where M, a, h are 
arbitrary real numbers satisfying M > and 0<a<6<l. In order to derive the latter 
result, we will show that, 

< (4-28) 

where for each A; G Z, 

Sfc = sup{|(a3"*)(y-A;,0)| : (y, 0) G [-M, M] x [a, 6]} . 

Observe that, in view of (|4.8p . one has, for some constant ci > and all k G Z, satisfying 

|A;| > M, 

Sk<ci{2 + \k\-M)-\ 

Therefore using (|4.10p . one gets (j4.28p . Let us now prove that Part (ii) holds. It follows from 
(I06]l . (Ojl and KTO\i . that, for all j G Z and (y,^) G x [a, 6], 

<5^|e,,,M||(93"^)(y-fc,e)| 



fcgz 



2 + |y-A:|) 



2 



< C3(u;) Vlog(2 + b'l) log(2 + z)Y: ^ ' (^-29) 

fcGZ + \y - [y] - k\) 

where [y] is the integer part of y and where 02(0;) and 6*3(0;) are two constants non depending 
on j, y, z and 9. Then, combining (j4.29p with ()4.15p . one obtains (j4.27p . □ 

The following lemma corresponds to Proposition 2.1 in yet we prefer to give a short 
proof of it, for the sake of clarity. 

Lemma 4.5 For all u € ft* the function {t,9) ^ Bi{t,6,uj) (see U-2S^ ) is C°° over R x 
(0,1). 

Proof of Lemma [TTSt In view of (|4.22p and (|4.25p . one has that 



Bi{t,9,oj)= Q3{t,e,uj), 

j=-oo 

where for each j G Z_, Qj{-, - ,0;) is the C°° function over M x (0, 1), defined as, 

Qj{t,9,Lo) = 2-^^[Sj{2H,9,Lo) - Sj{0,9,uj)]. (4.30) 
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Therefore, in order to show the lemma, it is sufficient to prove that for each nonnegative 
integers p, q, and real numbers M, a, b satisfying M > and < a < & < 1, one has, 



J2 sup{\{dfdlQj){t,e,uj)\ : {t,0) e [-M,M] x [a,b]} < oo. (4.31) 

j=-oo 

Let us first study the case where p = and q is an arbitrary nonnegative integer. Using 
(j4.3Up and the Leibniz formula, it follows that 

{dlQ,){t,9,io) = j2 ('^\-jlog2y2-^'[{dl'S,){2H,0,co) - {dl' S,){0,9,io)], (4.32) 

where [f) is the binomial coefficient ;ix(gL;)! ■ Next applying the Mean Value Theorem, one 
gets that 

sup\^\idy^Sj){2H,e,u}) - id;^~^Sj){0,e,uj)\ : {t,e) £ [-M,M] X [a, 6]} 

< 2^ M sup 1 1 (^^^^"'^^^(y,^) I : {y,e) e [-M,M] x [a, 6]} . (4.33) 

Next putting together (Ii32l) . (|i:33|) and (fOT]) . it follows that (|i3T]) holds in the case where 
p = 0. Let us now study the case where p > 1 and q is an arbitrary nonnegative integer. In 
view of (14.30p . one has that, 

idfQ,)it,e,u;) = 2^^P-'\d^Sj)i2H,9,u;). 

Therefore, using the Leibniz formula, one obtains that, 

{d!dlQ,){t,e,co) = Q(-ilog2)'2^(P-^)(9^5r'S,)(2^t,0,a;). (4.34) 

Finally, combining (fi3I|) with (jOTl) . one gets (jOT]) . □ 

The proof of the following lemma has been omitted since it is rather similar to that of 
Lemma 14.51 

Lemma 4.6 For all w € the function {t, 6) ^ R{e, u) (see (TW ) over M x (0, 1). 

Let us now give some results concerning the global regularity of the function {t, 9) i— >■ 
B2it,e,u}) (see gSl). 

Lemma 4.7 For all a; E Q*, the following three results hold. 

(i) The function {t,9) i— )• B2{t,9,uj) is continuous overR. x (0,1). 
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(ii) For each fixed t gM, the function 9 i— )• B2{t,9,uj) is C°° over (0, 1). 

(Hi) For every fixed nonnegative integer n, the function {t,6) i— )• {dgB2){t,6,u}) is continuous 
overRx (0,1). 

Proof of Lemma HTTl In view of (|4.23p and (|4.25|) . one has that 

B2{t,e,uj) = Y,yjit,0,uj), (4.35) 

where for each j € N, Vj{-,-,uj) is the C°° function over M x (0, 1), defined as, 

Vj{t,e,uj) = 2-^^Sj{2H,e,uj). (4.36) 

Therefore, in order to show the lemma, it is sufficient to prove that for each nonnegative 
integer q, and real numbers M, a, b satisfying M > and < a < 6 < 1, one has, 

^sup{\{d^gVj){t,9,uj)\ : {t, 9) £[-M,M]x[a,b]} <oo. (4.37) 
By using (|4.36p and the Leibniz formula, it follows that, 
id's 

Finally, combining (jOS]) with (jOTl) . one gets (jOT]) . □ 



Vj)it,e,u;) = f2 (^^^{-jlog2y2~^'{dl'Sj){2H,9,u;). (4.38) 



Now we are in position to prove Parts (i) and (Hi) of Theorem 12.11 
Proof of Parts (i) and (Hi) of Theorem 12. H These two parts are straightforward 
consequences of (j4.2ip , and Lemmas 14.51 14.61 and 14.71 □ 

Let us now turn to the proof of Theorem 1 2 . 1 1 Par t (iv). We need the following two lemmas. 

Lemma 4.8 For all oj £ Q* , for each nonnegative integer n, and for every real numbers 
M, a, b satisfying M > and < a < b < 1, one has for all 9i,92 G [a, b], 

sup \{d^B2){t,9i,io)-{d^B2){t,92,uj)\<C{io)\9i-92l (4.39) 

t&[-M,M] 

where the finite constant C(cj), only depends on u},n,M,a,b. 
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Observe that in the case where n = 0, Lemma 14.81 can be related to Part (c) of Proposi- 
tion 2.2 in d]. 



Proof of Lemma 14. 8t The lemma easily results from the Mean Value Theorem and 
Lemma 14.71 □ 

Lemma 4.9 For all w G 17*, for each nonnegative integer n, for every arbitrarily small real 
number e > and for every real numbers M,a,b satisfying M > and < a < b < 1, one 
has, for each 9 £ [a,b] and ti,t2 G [—M,M], 

\{d^B2){ti,e,u)-{d^B2){t2,e,uj)\<Ci{u)\ti-t2f-'. (4.4o) 

where the finite constant C{uj), only depends on u},n,e,M,a,b. 

Proof of Lemma [4. 9t The proof is inspired by that of Proposition 4.2 in [5]. First observe 
that, in view of ()4.35p and ()4.38p . in order to derive (|4.40p . it is sufficient to show that for all 
I £ {0, ... ,n}, one has, 

Y,j''2-''H-'S,){2Hi,9,u) - {d^-'S,){2H2,9,uj)\ < Ci{u)\ti - ^2|'-^ (4.41) 
i=i 

where Ci{uj) is a finite constant only depending on uj,n,e, M,a,b. Also observe that there 
exists a constant C2 > 0, only depending, on e, M and n such that, for all integer j > 1, 

j^2-^'^^\og{2 + M2i) log(2 + |j|) < C22-J'(^-"). (4.42) 

The inequality (j4.4ip is clearly satisfied when ti = t2, so from now on we assume that 
\ti — t2\ > 0. Let then jo > 1 be the unique integer such that 

M2"^o+^ < \ti - t2\ < M2-^"+2. (4.43) 
By using (14271) . (f442]l and (f443]l . one has that, 

+ 00 

^ f2-^' {snp[\{d^-'Sj){2H,e,u;)\ : {t,e) G [-M, M] x [a,6]}) (4.44) 
i=io+i 

+ 00 

< C3(w) 2-^'(^-^) < C3(w)(l - 2-('^-^))"^2^(^o+^)(^~^) < ^4(^)1^1 - ^2|^"^ 

j=jo+l 

where 6*3(0;) and 04(10) are two finite constants only depending on uj,n,e, M,a,b. On the 
other hand, it follows from the Mean Value Theorem, that, for all j G N, 

\{d^-'Sj){2Hi,e,u;) - {d^~'S,){2H2,9,u:)\ (4.45) 
< 2^\ti-t2\ {sup{\{dyd^-^S,){y,e,uj)\ : (y,^) G [-2^M,2^M] x [a, 6]}) . 
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Then, putting together, (f05]) . (fOT]) . (f02]) and dHS]), one obtains that. 



jo 



JO 



(4.46) 



where 6*5(0;) and 6*6(0;) are two finite constants only depending on uj,n,e,M,a,b. Finally 
combining ()4.44p with (|4.46p . one gets (|4.4ip . □ 

Now we are in position to prove Part (iv) of Theorem 12.11 
Proof of Part (iv) of Theorem 12. It it follows from (j4.2ip . Lemma and Lemma 
that it is sufficient to show that (|2.3p holds, when dgB is replaced by dgB2. Let {ti,6i) G 
[—M,M] X [a,b] and (^21^2) £ [— M, M] x [a, 6], there is no restriction to assume that 61 = 
max{ 01,02}- Using the triangle inequality, one has that, 



Next, combining the latter inequality with Lemmas 14.81 and 14. 9| we can finish our proof. □ 

Let us now turn to the proof of Part (ii) of Theorem 12.11 Notice that (j2.ip is a straight- 
forward consequence of (12. 3p in which one takes n = and M,a,b such that {s,6) G 
(— M, M) X [a,b]. In order to show that (j2.2p holds, one needs to introduce the real- valued 
function ^, defined for every {y, 0) € M x (0, 1) as. 



where '0 is the Fourier transform of the Lemarie-Meyer mother wavelet ip introduced at the 
very beginning of this subsection. Let us now give some useful properties of ^. The proof 
of the following lemma, has been omitted since it is very similar to those of Lemmas 2.1 and 
3.4 in [1]. 

Lemma 4.10 (i) ^ is C°° over R x (0, 1) and its partial derivatives of any order are well- 
localized in the variable y G M, uniformly in the variable 9 G (0, 1); in other words, one 
has, for every nonnegative integers m and n, 



\{d^B2){tuei,io) - {d^B2){t2,e2,io)\ 

< \{d^B2)iti,ei,u;) - id^B2)it2,ei,oj)\ + \{d^B2){t2,0i,u;) - {d^B2){t: 



2,02,t^)|. 




(4.47) 



sup 



{{2 + \y\f\id^d^^){y,e)\ : (y, 0) G M x (0, 1)} < 



00. 



(4.48) 
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(ii) For all 9 G (0, 1), the first moment of the function ^{■, 9) vanishes, that is 

[ ^{y,9)dy = 0. (4.49) 

(Hi) For all 9 G (0,1), the system of functions {2-''/2^(2J' • -k',9) : / e Z, k' e Z} 
(recall that ^ has been introduced in ^4j^) ^.f^d |2-'/^^(2-^ • —k,9) : j G A; G is 
biorthogonal. This means that for all j,k,j' ,k' G one has 

20+i')/2 f ^,{2^' t - k' ,9)^{2H - k,9)dt = 5{j,k-j' ,k'), (4.50) 
where 6{j,k; j' ,k') = 1 if {j,k) = {j',k') and otherwise. 

The following lemma, which can be related to Part (c) of Proposition 3.3 in [5J, allows one 
to understand the motivation behind the introduction of ^. 



Lemma 4.11 For all u G il,* , let B2{-, -jUj) be the function introduced in \4^.23 ). Then for 
each fixed {j, k,9,u}) G N x Z x (0, 1) x Q* , the integral, 

>Vj-fc(0,a;) = 2^(1+^) / B2is,9,uj)^{2^s-k,9)ds, (4.51) 

is well-defined. Moreover, one has, 

Wj-fc(0,w) =e,,fc(L^), (4.52) 
where ej^k is the M{0, 1) Gaussian random variable introduced in (4j^- 

Proof of Lemma [4. lit First observe that by using the second inequality in (|4.27l) . in the 
case where m = n = 0, z = 1 -\- \s\ and 9 G [a, b], one obtains, in view of (|4.23p . that 

+ 00 

\B2is,9,u)\ < ^2-^''^^|e,,fc,(^)|||xI/(2^%-A;',e)| 

j'=l k'£l 

< Ci(a;)Vlog(3 + |s|), (4.53) 

where Ci(a;) is a constant only depending on a,b,u}. Thus (|4.53p and (|4.48p imply that the 
integral in (|4.5ip is well-defined. Moreover (|4.23p . the dominated convergence Theorem and 
(H3g|l . entail that holds. □ 

Now, we are in position to prove Part (ii) of Theorem 12.11 
Proof of Part (ii) of Theorem I2.lt As we have mentioned before. Relation (|2.ip is a 
straightforward consequence of Part (iv) of the theorem, which has already been proved. So, 
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it remains to show that (|2.2p holds; the proof, we are going to give, is inspired by that of 
Proposition 4.1 in [S]. It follows from (|4.2ip . Lemma 14.51 and Lemma 14.61 that it is sufficient 
to show that ()2.2p holds, when B is replaced by B2- Suppose ad absurdum that the latter 
relation is not satisfied for some ujq S 0*, (sq, ^o) G M x (0, 1) and Eq > (notice that there 
is no restriction to assume that + ^0 < l); then there exists a finite constant Ci{u}q) > 
such that for some finite constant tjq > and for all real number s satisfying |s — so| < 
one has 

\B2{s,9o,ujo)-B2iso,eo,u;o)\ < Ci(a;o)|s - so|'"+'°. (4.54) 

On the other hand, by using the fact that s i— )• \B2{s,9q,ujo) — i?2(so, ^'o)'^o)| is a continuous 
function over M as well as (|4.53p . one obtains that, 



sup 



\B2{s,9o,U1o) - 52(50,6*0, Wo) 



So 



: s G M and \s — so\ > rjQ > < oo. 



(4.55) 



Thus, combining (|4.54p with (j4.55p . it follows that, there is a finite constant C2(wo) > 0, such 
that for all s G M, 



\B2{s,eo,U;o) - 52(^0,^0,^0)1 < C2ioJo)\s - so|'°+"°- 



(4.56) 



Then using (j4.5ip . (j4.52p . (|4.49p . (|4.56p and the change of variable t = 2^s-k, one gets that 
for all integer j > 1 and /c G 



\£j,k{^o)\ 



= 2^(1+^°) / B2{s,eo,ujo)^{2^s-k,eo)ds 
Jm. 

= 2J(i+^«) f [B2{s,9o,ujo) - B2{so,eo,uo)]^{2^s - k,eo)ds 

< C2(a;o)2-''(^+''°) / \s - sof^+'^'l^ilh - k,eo)\ds 
Jr 



< C2{iOo)2^' 



\2^H + 2"^ k - So 



\do+£o 



'^{t,eo)\dt 



< C3{loo)2-^''' [l + \2^ so - k 



'o+eo 



(4.57) 



where C3(a;o) is a finite constant non depending on j and k. Observe that to derive the last 
inequality in (|4.57p . we have used the fact that, for some finite constant C4 and for every real 
numbers u,v, one has, (|u| + < C4(|ii|^°"'"'^'' + |u|^°^^°), and we have also used (|4.48p . 

Finally, (|i371) and diTT]) entail that 

r,-(so,a;o) = 0(2-^'^»/2), 



which contradicts ()4.12p . □ 
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4.3 Proof of Proposition 13.11 

Let us denote by {^(i, ^)}(t,e)GRx(o,i) the field defined for each {t,9) as the Wiener integral, 
Z{t,e)= [ {(t-xf-'^'loglit-xUj-i-xf-'^'logii-xUjldWix). (4.58) 
By expanding for every fixed {t, 9) £M x (0, 1) the function 

x^ {t- xf_^^^^^ log [{t - x)+\ - (-x)+"^^^ log [(-x)+] , 

in the Lemarie- Meyer orthonormal wavelet basis AiC (see the beginning of Subsection 14. 2p . 
and by using the isometry property of the Wiener integral, it follows that 

^(*' ^) = Y.Y1 ^j'k [dj,kit, 9) - d,, fc(0, 9)] , (4.59) 

where the A/'(0, 1) Gaussian random variables £j^k have been introduced in (j4.9p and where 

dj^k{t,9) = 2^'^ [ {t-xf_^^^^log[{t-x)+]^P{2^x-k)dx. (4.60) 

Observe that the series in (|4.59p is convergent, for every fixed {t,9), in L^(r2), where is the 
underlying probability space. Setting in (I4.60p s = 2^x — k, and using Lemma [4.4t one obtains 
after a sequence of standard computations, that for every uj G ^l* (the event of probability 1 
introduced in Theorem 12. ip and for each {t,9) S M x (0, 1), one has when j < 0, 

{deQj)it,9,co) = Y,^3,k{^)[djMi^0) - dj,k{0,9)]. (4.61) 

and, one has when j > 0, 

{deVj){t,9,co) - {deVj){0,9,co) = Y,ej,k(.uj)[d,^k{t,9) - d,^k{0,9)]; (4.62) 

recall that the C°° functions Qj{-,-,uj) and Vj{-,-,uj) have been introduced in ()4.30p and in 
(|4.36p . Moreover using Proposition (|4.3ip and (|4.37p . it follows that for all ui e il.* and 
{t,e) G M X (0,1), 

+00 

idgB){t,9,u) = {deQj){t,9,uj) + Y,[ideVj){t,9,u) - {deVj){0,9,u)]. (4.63) 

j=-oo j=l 

Finally putting together (I4.59p . (I4.6ip . (I4.62P and (I4.63p . one obtains the proposition. □ 
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